Abstract. In this paper, we deal with two families of third-order Jacobsthal sequences. The first family consists of generalizations of the Jacobsthal sequence. We show that the Gelin-Cesàro identity is satisfied. Also, we define a family of generalized third-order Jacobsthal sequences {J (3) n } n≥0 by the recurrence relation
Introduction and Preliminaries
The Jacobsthal numbers have many interesting properties and applications in many fields of science (see, e.g., [Ba, Ho2, Ho3] ). The Jacobsthal numbers J n are defined by the recurrence relation (1.1) J 0 = 0, J 1 = 1, J n+2 = J n+1 + 2J n , n ≥ 0.
Another important sequence is the Jacobsthal-Lucas sequence. This sequence is defined by the recurrence relation j n+2 = j n+1 + 2j n , where j 0 = 2 and j 1 = 1 (see, [Ho3] ). In [Cook-Bac] the Jacobsthal recurrence relation is extended to higher order recurrence relations and the basic list of identities provided by A. F. Horadam [Ho3] is expanded and extended to several identities for some of the higher order cases. For example, the third-order Jacobsthal numbers, {J (3) n } n≥0 , and thirdorder Jacobsthal-Lucas numbers, {j 
2 = 5, n ≥ 0, respectively.
Some of the following properties given for third-order Jacobsthal numbers and third-order Jacobsthal-Lucas numbers are used in this paper (for more details, see [Ce, Ce1, ). Note that Eqs. (1.8) and (1.12) have been corrected in this paper, since they have been wrongly described in [Cook-Bac] .
(1.4) 3J
On the other hand, the Gelin-Cesàro identity [Di, p. 401] states that
where F n is the classic n-th Fibonacci number. Furthermore, Melham and Shannon [Me-Sha] obtained generalizations of the Gelin-Cesàro identity. Recently, Sahin [Sa] showed that the Gelin-Cesàro identity is satisfied for two families of conditional sequences. Motivated by [Me-Sha, Sa] , in this paper, we deal with two families of thirdorder Jacobsthal sequences. The first family consists of the sequences denoted by {J (3) n } and studied in [Ce, Cook-Bac] . We show that the Gelin-Cesàro identity is satisfied by the sequence {J (3) n }. Also, we define a family of generalized thirdorder Jacobsthal sequences {J n } n≥0 . Then, we show that Catalan and Gelin-Cesàro identities are satisfied by this generalized sequence.
The first family of third-order Jacobsthal sequences
Recently, the authors introduced in [Cook-Bac] a further generalization of the Jacobsthal sequence, namely the third-order Jacobsthal sequence defined by Eq. (1.2). Then, Lemma 2.1 (Catalan Identity for J (3) n ). For any nonnegative integers n and r, we have
Proof. From Eqs. (1.15) and (1.17), we obtain
r+1 using Eq. (1.9). The proof is completed.
Theorem 2.2 (Gelin-Cesàro Identity). For any non-negative integers n ≥ 2, we have (2.2)
Proof. For r = 1 and r = 2 and Eq. (1.16), we get respectively
by using Lemma 2.1 and the property V
n+3 for all n ≥ 0. Note that the sequence W (2) n satisfies relation 5V
n+2 . So, we obtain
n+2 .
Then, we have
The proof is completed.
3. The second family of generalized third-order Jacobsthal sequences
Here, we define a new generalization of the third-order Jacobsthal sequence {J For a = 0 and b = c = 1, we get the ordinary third-order Jacobsthal sequence. Also, when a = 2, b = 1 and c = 5, we get the third-order Jacobsthal-Lucas sequence which is defined in [Cook-Bac] .
In this study, first we obtain the generating function and then Binet's formula for the sequence {J (3) n } n≥0 . Finally, we show some properties, for example, the Catalan and Gelin-Cesàro identity are satisfied by this sequence. Now, we can give the generating function of the sequence.
Theorem 3.1 (Generating function). The generating function for the sequence {J (3)
n } n≥0 is
n t n , which is the formal power series of the generating function for {J
n }. We obtain that
n , n ≥ 0 and the coefficients of t n for n ≥ 3 are equal with zero. Then, the theorem is proved.
In fact, we can give Binet's formula for the sequence as follows.
Theorem 3.2. For n ≥ 0, we have
Proof. The solution of Eq. (3.1) is
Then, let J Eq. (3.4) , we obtain
Theorem 3.3. Assume that x = 0. We obtain,
Proof. From Theorem 3.2, we have
By considering the definition of a geometric sequence, we get
So, the proof is completed.
In the following theorem, we give the sum of generalized third-order Jacobsthal sequence corresponding to different indices. 
Proof. Let us take A J , B J and C J in Eq. (3.6). Then, we write
After some algebra, we obtain
Main results
We use the next notation for the Binet formula of generalized third-order Jacobsthal sequence J
, where A = (2 − ω 2 )(c − (2 + ω 2 )b + 2ω 2 a) and B = (2 − ω 1 )(c − (2 + ω 1 )b + 2ω 1 a). Furthermore, note that for all n ≥ 0 we have 
n .
Theorem 4.1 (Catalan Identity for J
n ). For any nonnegative integers n and r, we have (2)
